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Abstract Motion segmentation in moving camera videos is a very challenging task because of the motion

dependence between the camera and moving objects. Camera motion compensation is recognized as an effective

approach. However, existing work depends on prior-knowledge on the camera motion and scene structure for

model selection. This is not always available in practice. Moreover, the image plane motion suffers from depth

variations, which leads to depth-dependent motion segmentation in 3D scenes. To solve these problems, this

paper develops a prior-free dependent motion segmentation algorithm by introducing a modified Helmholtz-Hodge

decomposition (HHD) based object-motion oriented map (OOM). By decomposing the image motion (optical flow)

into a curl-free and a divergence-free component, all kinds of camera-induced image motions can be represented

by these two components in an invariant way. And the HHD identifies the camera-induced image motion as one

segment irrespective of depth variations with the help of OOM. To segment object motions from the scene, we

deploy a novel spatio-temporal constrained Quadtree labeling. Extensive experimental results on benchmarks

demonstrate that our method improves the performance of state-of-the-art by 10%-20% even over challenging

scenes with complex background.

Keywords Prior-free dependent motion segmentation, Helmholtz-Hodge decomposition, object-motion oriented

map, Quadtree labeling

1 Introduction

Motion segmentation plays a central role

in video analysis, such as coding, content-based

retrieval, surveillance, and so on [1]. Exten-

sive studies have been done on stationary cam-

era scenarios. Most recently, more and more at-

tentions have been paid to the dynamic scenar-

ios taken by a moving camera (e.g., handhold

camera), where scene objects are moving rela-

tive to the camera producing a dependent motion

filed [2]. In many applications, e.g., video sta-

bilization, structure-from-motion, and video edit-

ing, the camera-induced image motion (inlier)

plays a more important role [3, 4]. But in other

applications, e.g., action recognition and content-

based retrieval, the local object motions (outliers)

attract more attentions in the previous research

[5]. This paper tries to distiguish the difference

between inliers and outliers, and to recover them
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into their true values for higher level applications,

which is referred to as “dependent motion seg-

mentation”.

1.1 Problem Review and Related Work

Dependent motion segmentation in dynamic

scenes is a very challenging task due to the un-

constrained and unforeseen camera motion, which

may cause the changes of all pixels of an im-

age. The observed 2D image motion is caused by

the 3D motions of both moving objects and mov-

ing cameras with internal camera parameters (e.g.,

camera zoom). These mixed and interdependent

effects make this study more obscure.

Due to the fact that local object motions are

very complicated, it is difficult to model and seg-

ment them directly. An effective approach is to

compensate the camera-induce image motion first,

and regard the residue motions to be motions of

moving objects. So, we need to find an appro-

priate way to compensate camera-induced image

motion at first. A common theme in representing

motions is either by trajectories of key features or

by dense motion field (optical flow). Accordingly,

prior methods in the literature can be broadly di-

vided into: (1) feature based approaches and (2)

dense motion field based approaches.

Feature based methods focus on the classifi-

cation of trajectories of selected features into dif-

ferent groups (subspaces) [6, 7]. Representative

methods include: factorization-based, algebraic,

and statistical based methods. Factorization-

based methods [8] attempt to directly factor the

trajectory matrix of multiple motions into sub-

matrices of different independent motions, and

cannot deal well with dependent motions. Alge-

braic methods, e.g., Generalized Principal Com-

ponent Analysis (GPCA) [9], can partially deal

with dependent motions. A representative statis-

tical method named Multi-Stage Learning (MSL)

was proposed in [10], which is proposed based on

Costeira and Kanade’s factorization method (CK)

[11] and Kanatani’s subspace separation method

(SS) [12]. Several cases of camera motions can

be well handled through feature based methods,

in which, a simplified orthographic camera model

similar to perspective camera is often assumed,

and the focal length of a camera is required to

be long enough to avoid any perspective distor-

tions on the depth of 3D points. However, these

requirments cannot be staisified in many practical

applications. Moreover, these methods rely much

on the robust feature extraction and tracking algo-

rithm to obtain the key trajectory features of mo-

tions [13, 14]. In addition, as they only output

a segmentation with sparse key features, postpro-

cessing is necessary to obtain a dense segmenta-

tion.

Dense motion field based methods perform

pixel-level segmentation on image plane motion.

They usually assume the camera-induced image

motion by a parametric transformation ranging

from translation to perspective transformation us-

ing different parameters [15]. Pixels that are con-

sistent with the estimated model are supposed to

be inliers, while others are supposed to be outliers.

Since the inlier estimation is often affected by out-

liers, several outlier removal methods were pro-

posed. For example, a regression scheme, using

gradient descent (GD) [15] or least squares (LS)

[16], was applied to refine the inlier model by it-

eratively excluding outliers. Outlier rejection filter

[17] explicitly filtered motion vectors by checking

their similarity in a predefined window. RANSAC

[18] is a statistical method, which estimates the

inlier on the data containing outliers by iteratively

updating the probability of inlier. Recently, a joint

inlier estimation and motion segmentation method

was proposed in [19, 20], which performs inlier

estimation and outlier rejection simultaneously. In

contrast to feature based methods, dense motion

field based methods do not rely on the strong key

features tracked throughout the scene. However,

they suffer from two big problems: (1) The para-

metric models used for inlier estimation are just

approximations of camera motions, which is only

appropriate for the restricted cases of camera mo-

tion and scene structure. Moreover, the prior-

knowledge for model selection is also required.
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Fig. 1. Prior-free dependent motion segmentation using Helmholtz-Hodge decomposition (HHD) based object-

motion oriented map (OOM).

(2) The image plane motion depends too much on

the distance of 3D points from the camera. Ob-

jects at different depths may have different opti-

cal flows even if they share the same real-world

motion, which leads to depth-dependent segmen-

tation. To overcome this problem, a state-of-the-

art [21] was proposed using utilized optical flow

direction, other than magnitude for coherent mo-

tion segmentation. However, it only works well

for camera translation, camera zoom and rotation

are still challenges for this method.

Reviewing those drawbacks of existing meth-

ods, we can conclude that the main challenges in

dependent motion segmentation is to find an ap-

propriate way to represent the camera-induced im-

age motions, which should be appropriate for all

kinds of camera motions (translation, zoom in/out,

or rotation) without any prior-knowledge and re-

strictions on the camera motion and scence struc-

ture. So, as the appearance based segmentation

suffers from depth variations in 3D scenes, we

should also develop new algorithms dealing effec-

tively with depth variations.

1.2 Overview of Our Approach

In this paper, a prior-free dependent mo-

tion segmentation algorithm is proposed by intro-

ducing a Helmholtz-Hodge decomposition (HHD)

based object-motion oriented map (OOM). HHD

decomposes the image motion into a curl-free and

a divergence-free component. Without any prior-

knowledge on the camera motion and scene struc-

ture, any kinds of camera-induced image motions

can be represented by these two components in an

invariant way. The outline of our algorithm is il-

lustrated as Fig. 1.

The modified HHD can also make the seg-

mentation independent of depth variations by

adding two assumptions to the original HHD [22,

23]. It identifies the inlier as one segment irrespec-

tive of depth variations in 3D scenes at first. Then,

the heterogeneous motion caused by depth discon-

tinuities and moving objects will be computed and

processed further. In this paper, an OOM will be

constructed to detect such heterogeneous motion.

As the heterogeneous motion varies at different lo-

cations on OOM, it is difficult to label them based
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on global thresholding. In this paper, a Spatio-

Temporal constrained Quadtree labeling method

will be introduced. HHD based OOM will be ut-

lized to separate the homogeneous motions and

the heterogeneous motions. To compensate depth

discontinuity, a low-order polynomial based sur-

face fitting method is employed for inlier estima-

tion followed by the outlier recovery and segmen-

tation.

Unlike existing methods, our proposed

method does not rely on prior-knowledge for

camera motion modeling. All kinds of camera-

induced image motions can be represented by our

algorithm in an invariant way. Moreover, our al-

gorithm is robust to depth variations, providing as-

surance on high ability of our method in coping

with real-world scenes.

1.3 Contributions

The contributions of our work are as follows:

• Without any prior-knowledge on the camera

motion and scene structure, HHD interprets

all kinds of camera-induced image motions

by its two components in an invariant way.

• The modified HHD identifies the camera-

induced image motion as one segment irre-

spective of depth variations and records het-

erogeneous motions on OOM.

• A spatio-temporal constrained Quadtree la-

beling method is proposed for the separa-

tion of heterogeneous motions from OOM.

The rest of this paper is organized as fol-

lows: Section 2 describes motion flow modeling

in 2D/3D scenes and inlier/outlier representations

based on optical flow estimation. Section 3 in-

troduces the modified HHD and the interpretation

of camera-induced image motion by HHD. OOM

is constructed in Section 4 with a Quadtree based

labeling. Section 5 presents the inlier estimation

and outlier recovery. Experiments and disscus-

sions are shown in Section 6. Finally, we conclude

this work in Section 7.

2 Motion Flow Modeling

2.1 Motion Representation

Camera undergoes two kinds of 3D motions:

translation T = (TX , TY , TZ) and rotation R =
(RX , RY , RZ). The instantaneous image motion

of a general 3D scene can be formulated as:

(

u(x, y)

v(x, y)

)

=











−fc(
TX

Z
+ RY ) + x

TZ

Z
+ yRZ − x

2
RY

fc
+ xy

RX

fc

−fc(
TY

Z
+ RX) − xRZ + y

TZ

Z
− xy

RY

fc
+ y

2
RX

fc











,

(1)

where fc is the focal length, Z is the depth

of the 3D point, and (u(x, y), v(x, y)) denotes the

image plane motion at coordinate (x, y). We can

see that the length of a motion vector is inversely

proportional to its depth. Image motion has more

specific representations in different scenes (2D or

3D).

2.1.1 Motion in 2D Scene

When the scene is parallel to the image plane,

all the scene objects are at the same distance from

the camera without depth variations (∆Z = 0).

The camera-induced image motion can be mod-

eled by a single parametric transformation, which

is of low-order polynomial function:

(

u(x, y)

v(x, y)

)

=

(

a1 + a2x+ a3y + a4x
2 + a5xy

a6 + a7x+ a8y + a4xy + a5y
2

)

,

where the parameters (a1, a2, a3, a4, a5, a6, a7, a8)
are functions of camera motion (R,T ), fc, and Z
as depicted in Eq.(1). Here, Z is constant.

The scene satisfying above-mentioned con-

ditions is regarded as 2D scene. In practice, the

scene may have small depth variations. However,

when the depth variation within the scene is much

smaller than the overall 3D range of the scene

from the camera, these scenes can also be consid-

ered as 2D scenes [24].
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2.1.2 Motion in 3D Scene

When the scene with large depth variations,

it cannot be approximated by a flat/planar surface

which is parallel to the image motion. In this case,

we need to use a set of planar surfaces instead of

a single one to represent it. We define such scenes

as 3D scenes. Camera motions under 3D scenes

can be considered in the following cases:

• Camera translation: When the camera is

translating, the image motion in Eq.(1) be-

comes:

(

u(x, y)

v(x, y)

)

=







−
TX

Z
+ x

TZ

Z

−
TY

Z
+ y

TZ

Z






,

Camera translation consists of two cases:

(1) translation, which is parallel to the im-

age plane, so TZ = 0; and (2) camera zoom

in/out, where TX = 0, TY = 0. Camera

zoom contributes to a radial image motion

(expansion or contraction). For both cases,

the image motion observed in the scene de-

pends on the depth Z of scene points. Dif-

ferent planar surfaces have substantially dif-

ferent induced image motions depending on

their depths. A single parametric transfor-

mation becomes insufficient for modeling

the image motion. We need to use a set of

parametric transformations {P1, P2, ..., PN}
to represent it, where N denotes the number

of planar surfaces.

• Camera Rotation: When the camera under-

goes a pure rotation, Eq. (1) becomes:

(

u(x, y)

v(x, y)

)

=

(

−RY + yRZ − x2RY + xyRX

RX − xRZ − xy2RY + y2RX

)

,

The contribution of camera rotation to the

image plane motion is independent of scene

point’s depth Z.

Any kinds of camera-induced image motion CIM

can be regarded as the combination of three ba-

sic motions: translation T IM , radial motion (or

named as perspective motion) P IM , and rotation

RIM by:

CIM = αT IM + βP IM + γRIM , (2)

where α, β, γ are three regularization parameters.

Among these three basic motions, translation

and radial motion are influenced by depth varia-

tions in 3D scenes. Although rotation is indepen-

dent of depth validations, another problem should

be considered: the intuitive interpretation of 2D

motion field is generally based on Cartesian coor-

dinate system with two bases x, y. A motion vec-

tor can be projected into x and y components, de-

noted by u and v, respectively. For camera trans-

lation, we can use an invariant parameter u
v

to in-

terpret it. But for the rotation and radial motion, u
v

changes with x, y changing on motion field, which

cannot be represented by an invariant parameter

using existing methods.

2.2 Inlier/Outlier Representation

In this paper, inlier is the abbreviation of in-

lier optical flow, which refers to the image mo-

tion of static scene object caused by camera mo-

tion. Outlier is the abbreviation of outlier optical

flow, which refers to the image motion of moving

object caused by both camera motion and object

motion. Existing optical flow estimation methods

usually assume a perspective camera model other

than a simplified orthographic camera mode [25].

Compared to the orthographic camera model, the

perspective model is more robust to perspective

distortions. It does not require the camera focal

length to be long enough to avoid perspective dis-

tortions. The optical flow field under perspective

projection is in Eq.3 as follows:

(

u(x, y)

v(x, y)

)

=









f(
Tx

z
+Ω2)−

Tz

z
x−Ω3y −

Ω1

f
xy +

Ω2

f
x2

f(
Ty

z
− Ω1)− Ω3x−

Tz

z
y +

Ω2

f
xy −

Ω1

f
y2









,

(3)
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where f is the focal length, Ω = [Ω1,Ω2,Ω3]
is the angular velocity vector, and T = [Tx, Ty, Tz]
is the translation velocity vector. We can see that

the optical flow field under camera translation is

dependent on the depth Z of 3D points. It is in-

compressible in the 2D motion field.

Optical flow estimators often add some con-

straints to make the estimation robust and ac-

curate. Commonly used constraints include

the intensity constancy assumption (interpreted

by an energy function EIntensity), gradient con-

stancy assumption (interpreted by EGradient),

and local smoothness assumption (interpreted by

ESmoothness). The optical flow field is obtained by

minimizing the total energy: E = EIntensity +
EGradient + ESmoothness. Benefiting from local

smoothness constraint, for 2D scenes with small

depth variations, the optical flow field is piece-

wise smooth and can be represented by a single

parametric transformation of low-order polyno-

mial function (PL). But for 3D scenes with large

depth variations, the local smoothness constraint

fails and the estimation becomes inaccurate. We

should use a high-order polynomial function (PH)

to represent it as following:

OF 2D = P1 = PL

OF 3D = {P1, P2, ..., PN} ≈ PH,

Most part of the inlier belongs to the inner

part of static scene objects, which are with small

depth variations. Their motion fields are “homo-

geneous”. Here, the “homogeneous” implies the

continuity of the motion field. However, motion

discontinuities occur at the boundaries of static

scene objects due to depth discontinuities. Their

motion fields are heterogeneous. Outliers, which

belong to the moving objects, also suffer from mo-

tion discontinuities due to the relative motion be-

tween camera and moving objects. Both the in-

lier and outlier can be represented by the homoge-

neous part and heterogeneous part as below:

V inlier = a1V
homo.
inlier + b1V

hetero.
inlier , a1 >> b1,

V outlier = a2V
homo.
outlier + b2V

hetero.
outlier , a2 << b2.

Most part of inlier is homogeneous, thus

a1 >> b1, which is opposite for the outliers, of

which a2 << b2. The homogeneous part should

be represented by a low-order polynomial func-

tion, while the heterogeneous part should be rep-

resented by a high-order polynomial function.

OF 3D = {P1, P2, ..., PN} ≈ PH (4)

3 Camera-Induced Image Motion Represen-

tation & HHD

3.1 Principle of HHD

As these three basic image motions have vari-

ant interpretations under different camera motions

and scene structures, they cannot be represented

by a unified form using existing methods. So,

prior-knowledge is required for model selection.

Moreover, we cannot find an appropriate inter-

pretation to represent rotation and radial motion

based on Cartesian coordinate system using exist-

ing methods. Due to these facts, an invariant mo-

tion representation algorithm is proposed based on

Helmholtz-Hodge decomposition (HHD), which

represents variant camera-induced image motions

in a uniform way and characterizes rotation and

radial motion by its curl-div regularizers effec-

tively.

HHD is one of the fundamental theorems in

fluid dynamics. Theoretically, it decomposes an

arbitrary flow field ξ to two components: a curl-

free component ∇E and a divergence-free com-

ponent ∇×W :

ξ = ∇E +∇×W .

Here, E and W are 3D potential surfaces de-

fined as: (1) Scalar potential surface, whose gra-

dient is the curl-free component ∇E; (2) Vector
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potential surface, whose curl operation denotes

the divergence-free component ∇×W . The curl

operator and the gradient operator have the fol-

lowing relationship:

∇×W = (∇W )⊥. (5)

3.2 Camera Motion Factorization Using

HHD

Based on the principle of HHD explained in

[26], the motion of a volume element in the three

dimensional space consists of three kinds of mo-

tions: (1) expansion or contraction(which is also

named as radial motion), (2) rotation, and (3)

translation. The expansion or contraction exists

only in the curl-free component due to their irro-

tationality. Similarly, the rotation exits only in the

divergence-free component because of its incom-

pressibility. However, translation can exist both in

the curl-free component and divergence-free com-

ponent because of its incompressibility and irrota-

tionality.

Thus, as depicted in Eq.(2), any camera mo-

tion consisting of these three kinds of motions (ra-

dial motion, rotation, and translation) can be rep-

resented by these two components of HHD as fol-

lows:

• Camera Radial Motion: it is irrotational

and is present in the curl-free component

only. That is:

P IM = ∇E.

• Camera Rotation: it is incompressible and

is present in the divergence-free component

only. That is:

RIM = ∇×W .

• Camera Translation: it is both incom-

pressible and irrotational and can be present

in both components equally. That is:

T IM =
1

2
∇E +

1

2
∇×W .

Please refer to [26, 27] for more details.

3.3 Implementation of HHD

In previous research, many algorithms have

been proposed for the implementation of HHD.

For example, Polthier et al. [23] derived a tech-

nique for 2D discrete vector fields. Tong et al.

[22] extended it to discrete vector fields on 3D

meshes. To ensure HHD be able to identify the

inlier as one segment irrespective of depth varia-

tions, we add two assumptions to the previously

defined HHD and introduce an modified HHD

in this paper. These two assumptions are: (1)

the original motion field should be piece-wise

smooth; (2) HHD is performed based on global

minimization. The implementation is as follows:

since ∇E and ∇×W are the projections of orig-

inal motion field ξ to the space of curl-free field

and divergence-free field, respectively, the dis-

tances between ξ and two projected components

should be minimal. Therefore, energy minimiza-

tion is applied to calculate these two components:

min(D(E)) = min(
∫

Ω
‖ ∇E − ξ ‖2 dΩ),

min(G(W )) = min(
∫

Ω
‖ ∇ ×W − ξ ‖2 dΩ),

(6)

where Ω denotes the image domain. According to

the definition of HHD, the divergence-free com-

ponent (∇ × W ) does not exist in the curl-free

component (∇E), and vice versa. We can derive

the following criteria:

∫

Ω
∇× (∇E)dΩ =

∫

Ω
∇× (ξ −∇×W )dΩ = 0,

∫

Ω
∇ · (∇×W )dΩ =

∫

Ω
∇ · (ξ −∇E)dΩ = 0.

(7)

In the discrete domain, Eq.(7) can be rewritten as:

∑

i∈Ω ∇× (∇×W i) =
∑

i∈Ω∇× ξi,
∑

i∈Ω ∇ · (∇Ei) =
∑

i∈Ω ∇ξi.
(8)

Since they are linear functions, we can abbreviate

them as:

S1E = B, S2W = C. (9)
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where S1 and S2 are N × N sparse element ma-

trices, E and W are N × 1 vectors to be calcu-

lated, B and C represent the right side of Eq.(8).

The potential surfaces E and W are calculated by

solving Eq.(9). Then ∇×W is subsequently ob-

tained by Eq.(5).

3.4 Inlier and Outlier Representation by

HHD

Based on the previous discussion (see

Eq.(4)), the optical flow field can be represented

by a low-order polynomial function for V homo.
inlier ,

V homo.
outlier, and by a high-order polynomial function

for V hetero.
inlier , V hetero.

outlier . In our algorithm, the poly-

nomial function actually corresponds to the poten-

tial surface of HHD. As we added two assump-

tions to the implementation of HHD, the poten-

tial surfaces of the modified HHD are piece-wise

smooth. They approximate the basic shape of mo-

tion field and thus correspond to a low-order poly-

nomial function. Thus, the homogeneous motion

field, which should be represented by a low-order

polynomial function, can be interpreted by two

components of HHD as follows:

OF = V homo.

inlier
+ V hetero.

inlier
+ V homo.

outlier
+

V hetero.
outlier ,

{V homo.
inlier ,V

homo.
outlier} ⇒ PL ⇒ HHD,

= k1(∇E) + k2(∇×W ),

(10)

where k1 and k2 are two regularization parameters,

which will be determined in Section 4.

The heterogeneous motion corresponding to

a high-order polynomial function cannot be repre-

sented by HHD will be computed and processed

further.

4 Object-Motion Oriented Map Construction

& Heterogeneous Motion Labeling

4.1 Object-Motion Oriented Map (OOM)

To construct OOM, the homogeneous mo-

tion will be calculated according to Eq. (10) at

first. Then, OOM will be obtained by subtracting

the homogeneous motion from the original motion

field ξ. The key here is the determination of the

two parameters k1 and k2 according to the type of

the camera motion involved in the scene. In this

paper, two distance functions in Eq.(11) are de-

fined for this purpose.

d1 =
∑

(
‖ξ −∇E‖

‖ξ‖
),

d2 =
∑

(
‖ξ −∇×W ‖

‖ξ‖
), (11)

where d1 denotes the distance between ξ and the

curl-free component, and d2 denotes the distance

between ξ and the divergence-free component. As

aforementioned, radial motion only exists in the

curl-free component, rotation only exits in the

divergence-free component, and translation can

present in both components. We have the follow-

ing three observations:

• If d1 < 0.5, and d2 > 0.5, the curl-free com-

ponent is much similar to the original opti-

cal flow field, which is different from the

divergence-free component. In addition, the

camera-induced image motion belongs to a

radial motion, and exists only in the curl-

free component. So, k1 = 1, and k2 = 0.

• If d1 > 0.5, and d2 < 0.5, the divergence-

free component is much similar to the orig-

inal optical flow field, which is different

from the curl-free component. That is,

camera-induced image motion belongs to

rotation, and exists only in the divergence-

free component. So, k1 = 0, and k2 = 1.

• If d1 < 0.5, and d2 < 0.5, both compo-

nents are similar to the original motion field.

The camera-induced image motion is trans-

lation and exists in both components. So,

k1 = k2 = 1/2.

As camera motion is a generic motion, all the

scene points should share the same kind of camera

motion. Thus, k1 and k2 are invariant parameters

across the whole scene. We can use a unique k1
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and k2 for all the pixels of the scene. After deter-

mining k1, k2, OOM can be calculated as:

OOM = ξ − k1(∇E)− k2(∇×W ),

Fig. 2. An example of 3D scene. (a) One frame. (b)

The input optical flow. (c) Visualization of the input

optical flow by color coding [28]. (d) Curl-free com-

ponent. (e) Divergence-free component. (f) OOM

An example of 3D scene is shown in Fig. 2

to illustrate the procedure of OOM construction.

In Fig. 2(a), two persons are walking from left

to right, and a camera is also moving from left

to right. From the original optical flow field in

Fig. 2(b) and its color image in Fig. 2(c), we can

find that it is difficult to segment these two per-

sons from the scene directly. After HHD decom-

position, the OOM in Fig. 2(f) demonstrates that

most part of homogeneous motion field of static

scene objects has been removed from OOM, and

only heterogeneous motion caused by depth dis-

continuities and moving objects are left.

4.2 Spatio-Temporal Constrained Quadtree

Labeling

To detect the heterogeneous motions, we

need to label them from OOM at first. As depth

discontinuities and moving objects vary at dif-

ferent locations, it is very difficult to label them

based on global thresholding. To this end, a

data-driven Quadtree scheme casting the hetero-

geneous motion labeling to local subregions is

proposed in this paper. If a region is determined as

heterogeneous according to a criterion function in

Eq.(12), it will be further divided into four subre-

gions. For the Quadtree labeling, one of the most

important thing is to define the criterion function

for partition. Without considering the temporal

constraint, the partition can only be defined in the

spatial domain frame by frame. Following two

conditions should be considered in this criterion

function as presented in [29, 30]:

• The variance of a region R should be higher

than or equal to a threshold variance Tvar;

• The mean value of R should be higher than

or equal to a threshold mean value Tmean;

And the mathematical depiction is:

doSplit(R) = true,while

{

var(R) ≥ Tvar or,

mean(R) ≥ Tmean.

(12)

The first condition is utlized to detect the het-

erogeneous motion caused by depth discontinu-

ities (V hetero.
inlier ), in which, the value changes vio-

lently in local regions, and the second condition is

utlized to detect the heterogeneous motion caused

by moving objects (V hetero.
outlier ), in which, the local

object motions occupy larger part of the region

if the value is higher than the threshold. Parti-

tion is performed untill no more regions can be

split. Finally, regions with smallest size smallR
are labeled as foreground regions containing het-

erogeneous motions, and will be excluded from

the inlier estimation in the next procedure. The

rest larger regions largeR = wholeR − smallR
are regared as homogeneous region and will be

evolved in inlier estimation, where wholeR rep-

resents the whole region of OOM.

However, there are still some problems as

shown in Fig. 3, the segmentation results of a

video may be unsmooth along the time dimension.

That is, the segmentation results of the previous

frame may largely differ from that of the current

frame. To solve this problem, Quadtree labeling is

performed by introducing a spatio-temporal con-

straint in this paper. In addition, the previous par-

tition result will be utlized as the initial condition
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of the current frame. The criterion function con-

sists of three considerations as following:

• The partition result of region R at the cur-

rent frame equals to the partition result of

the previous frame;

• The partition result of region R will be false

if its variance is lower than or equal to the

value of threshold variance 1− Tvar;

• The partition result of region R will be false

if its mean is lower than or equal to the value

of threshold mean 1− Tmean;

And the mathematical representation is:

doSplit(Rcurrent) = doSplit(Rpre),

doSplit(R) = false, while

{

var(R) ≤ 1− Tvar or,

mean(R) ≤ 1− Tmean.

Fig. 3. Segmentation results on two consistent frames

of People 2 video sequence. (a) Frame 3. (b) Frame 4.

Usually, OOM is utlized to split the mo-

tion into small number of larger blocks when

the thresholds Tvar, Tmean are large, and vice

versa. Large threshold value indicates that not

all heterogeneous motions are well detected, and

small threshold value indicates heterogeneous

motions are over-segmented. By defining a uni-

versal threshold, we may suffer from such under-

segmentation or over-segmentation problems. To

avoid this, a data-adaptive threshold definition al-

gorithm is proposed based on the Quadtree struc-

ture, which is described as follows.

Fig. 4. An example Quadtree partition.

1. Initial estimations are assigned for the

thresholds: Tvar = var(wholeR), Tmean =
mean(wholeR).

2. A hierarchical Quadtree structure contain-

ing leaf and non-leaf nodes will be ob-

tained based on OOM partition using Tvar

and Tmean of Eq.(12). As shown in Fig. 4,

the variance var(subRi) and mean value

mean(subRi) can be calculated for each

leaf node subRi.

3. The variance and mean values of each non-

leaf node subRj can be obtained by aver-

aging its four children based on a weighted

sum rule. The weight of each child is de-

termined by dividing the number of its leaf

nodes by the leaf number of all four chil-

dren. A higher weight implies a subregion

is foreground with higher probability. Take

Fig. 4 as an example, there are four nodes

at level L1, which have 1, 7, 1, 4 leaf nodes,

receptively. Their weights are thus to be
1
13
, 7
13
, 1
13
, 4
13

. When we reach the first level,

the variance and mean values of the root

node var(root) and mean(root) can be cal-

culated, and assign them with new thresh-

olds T ′
var and T ′

mean, respectively.

4. Repeat steps 2 and 3 until the distance be-

tween two adjacent Quadtrees is smaller

than a predefined tolerance error ε. Each

Quadtree is encoded by a 0-1 sequence, in

which, 0 represents non-leaf node and 1 rep-

resents leaf node. The distance d between
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two adjacent Quadtrees d is defined by di-

viding the Hamming distance of their 0-1

sequences by the length of the sequence.

The whole procedure stops at d < ε. In this

paper, we define ε = 5%.

The thresholds will be updated according to

the last Quadtree structure in each repetition of

our algorithm. The new thresholds are closer to

the values of foreground regions containing het-

erogeneous motions. Finally, the most appropriate

thresholds for each OOM will be obtained auto-

matically. Fig. 5 shows the Quadtree partition on

the example 3D scene. We can see that Quadtree

is effective in labeling both moving objects and

depth discontinuities from OOM.

Fig. 5. Quadtree partition on the example 3D scene. (a)

OOM. (b) Quadtree partition.

5 Inlier Estimation & Outliers Recovery

5.1 Inlier Estimation using Surface Fitting

After Quadtree based heterogeneous motion

labeling on OOM, the remaining regions corre-

sponding to homogeneous motion fields will be

utlized for inlier estimation. The procedure will

be illustrated on scalar potential surface E at first.

The procedure on W is analogous.

As aforementioned, the potential surface of

HHD should be smoothed and represented by a

low-order polynomial function. Thus, the prob-

lem of inlier estimation from E is formulated

as construction of a new smooth surface E′,

which approximates the smooth basic shape of

E. In [15], several parametric models were con-

ducted for inlier estimation. These models are

designed for camera motions ranging from sim-

ple translation to complex perspective transforma-

tions. However, prior-knowledge of motion struc-

ture is required to select an appropriate model in

these method. In this paper, a prior-free solution

is proposed based on surface fitting using a low-

order polynomial function as follows:

z = ad0x
d + a0dy

d + · · ·+ aijx
iyj + · · ·+ a10x

+a01y + a00,

The difficulty of surface fitting is how to de-

fine an appropriate degree d. It has been known

that the higher the degree d, the more the de-

tails of the approximated surface will be obtained,

but it will potentially evolve some local deforma-

tions. On the contrary, lower degree polynomial

will yield a smoother and simpler surface approx-

imating the inlier positions with poor accuracy. In

[29, 30], a polynomial of d = 5 is employed to

produce a smooth and accurate surface E′. How-

ever, it is not appropriate for some simple sur-

faces, such as the surface caused by camera trans-

lation. In this case, some outliers (noises) will be

included in the surface. To solve this problem, we

also utilize the spatio-temporal constraint to de-

fine an appropriate degree for different kinds of

camera motions. It is believed that the camera

motion between two consistent frames shares the

same kind of motion in our paper. And the cam-

era rotation and radial motions are more complex

than camera translation. We need to use a rela-

tively high degree d = 5 to represent the surface

of camera motion. For the simple camera transla-

tion, we need to use a relatively low degree d = 3
to represent it. The details are as follows. For the

HHD decomposition of previous frame, if we find

k1 = 1, k2 = 0 or k1 = 0, k2 = 1, it means this

camera motion is rotation or radial motion. Then

we need to assign d as 5 for the current frame.

However, if k1 = k2 = 1/2, it means this camera

motion is translation. We should assign d = 3 for

this frame.

Finally, a smooth surface E′ which best fits

the base of E will be obtained. Similarly, we will

get a new smooth potential surface W ′ which ap-
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proximates the base of W ′. The inlier of curl-free

component is calculated by G1 = ∇E′. The in-

lier of divergence-free component is computed by

G2 = ∇ × W ′. The final inlier optical flow is

estimated by linear combination of G1 and G2 us-

ing Eq.(13), where k1, k2 have been determined in

Subsection 4.1.

G = k1G1 + k2G2,
(13)

Fig. 6. Inlier estimation and outlier recovery on the ex-

ample 3D scene. (a) The estimated inlier optical flow.

(b) Color visualization of (a). (c) The recovered outlier

optical flow. (d) Segmentation result.

Although the heterogeneous part of inlier is

not involved in estimation, since most part of in-

lier has been involved, its heterogeneous part can

be approximated by its homogeneous part. In this

way, the surface fitting separates the depth discon-

tinuities from the true moving objects. Fig. 6(a)

and Fig. 6(b) present the estimated inlier of the

example 3D scene. We can see that our method

estimates the inlier accurately.

5.2 Outliers Recovery & Motion Segmenta-

tion

After inlier estimation, outliers can be recov-

ered by subtracting the inlier from the original mo-

tion field subsequently. The segmentation is ob-

tained by assigning binary labels on the pure out-

lier motion field. Since the surface fitting used

in inlier estimation has a defect, it fits the data

in the middle, but goes wild at the edge of the

x − y domain of the original data. To refine the

segmentation map, the raw result is filtered by

the mean-curvature of the original potential sur-

faces. Fig. 6 shows the recovered outlier motion

field in Fig. 6(c) and the final segmentation map

in Fig. 6(d).

6 Experiments

6.1 Datasets & Experiment Setup

The performance of our proposed method

is evaluated on four benchmark datasets: Hop-

kins [31], Berkeley Motion Segmentation [32],

Complex Background [21], and SegTrack [33].

The Hopkins dataset contains three categories of

video sequence: checkerboard, car, and people,

in which, the ground truth segmentation on se-

lected features tracked throughout the sequence

is also provided. Since checkerboard sequences

do not correspond to natural scenes, we just use

one sequence (1R2TCR) to show the effectiveness

of our method in dealing with cameras rotation.

The Berkeley dataset is derived from the Hop-

kins dataset, which consists of 26 moving camera

videos of car, people, and Marple sequences. This

dataset has full pixel-level annotations on multi-

ple objects for a few frames sampled throughout

the video. Since Marple sequences mainly con-

tain static scenes or the static objects, which are

not challenges of our method, this dataset is not

used in our experiments. In this paper, the car and

people sequences containing Hopkins and Berke-

ley datasets are selected to evaluate our method.

In addition, another two datasets: Complex Back-

ground and SegTrack, containing extremely chal-

lenging scenes are also selected to highlight the

strength of our method, in which, full pixel-level

annotations on multiple objects are provided at

each frame within each video.
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Fig. 7. Scenario 1: people2 sequence. (a) Image sequence from frame 1 to frame 30. (b) Optical flow of one

frame. (c) Potential surface E. (d) Potential surface W . (e) The object-motion oriented map (OOM). (f) Quadtree

partition on OOM. (g) The estimated inlier potential surface. (h) Inlier optical flow field. (i) The recovered local

motion shown in 3D. (j) Outlier optical flow field. (k) Segmentation result.

In this subsection, three sequences are

choosed to illustrate the performance of our

method in dealing with different camera motions

at first. Then, our method is also compared with

several existing methods. Optical flow is calcu-

lated using Brox’s method [25] and optimized by

[34].

6.2 Performance Evaluation on Challenging

Scenes

Experiments on three representative se-

quences: people2, 1R2TCR and parking are per-

formed to evaluate the performance of our method

in dealing with varied camera motions. We add

a prefix to denote the motions involved in each

scene at the begining of each sequence’s name.

The local objects are identified by natural numbers

(e.g., 1, 2, 3, ..., N) and the camera is identified

by the letter “C". The type of object motions and

camera motions is indicated by following letters:

“R" for rotation, “T" for translation, and “P" for

radial motion. For example, if a sequence is called

1T2RCRT it means that the first object translates,

the second object rotates, and the camera motion

consists of both rotation and translation.

[1] 1T2TCT-people2 sequence. This se-

quence is from the Berkeley motion segmentation

dataset, in which, two people are walking in the

scene: one is from left to right, another is from

right to left, and the camera is translating (see

Fig. 7(a)). From the original optical flow field

in Fig.7(b), we can find that it is difficult to seg-

ment these two people clearly from the scene.

The potential surfaces in Fig. 7(c) and Fig. 7(d)

demonstrate the homogeneous part of both inlier

and outliers. In Fig. 7(e), all these two people

are revealed clearly. Quadtree provides the label

of heterogeneous part in Fig. 7(f). The estimated

inlier potential surface in Fig. 7(g) and its motion

field in Fig. 7(h) are quite smooth. Local object

motions are recovered accurately in Fig. 7(i) and

Fig. 7(j). This example demonstrates that our

method can not only segment motions well, but

also annotate them with their true values. With

the help of OOM and Quadtree, our method deals

with challenging scenes effectively.

[2] 1R2TCR-Checkerboard sequence.

This data is from the Hopkins dataset, which in-

volves three motions: a rotating view (inlier), in

which a basket is rotating in the top left scene, and

a box is translating from left to right in the bot-

tom scene. This is also a very challenging scene,

which comprises of multiple different motions.



14 J. Comput. Sci. & Technol., March. 2017, ,

Fig. 8. Scenario 2: checkerboard sequence. (a) Image sequence from frame 1 to frame 30. (b) Optical flow of one

frame. (c) Potential surface E. (d) Potential surface W . (e) The object-motion oriented map (OOM). (f) Quadtree

partition on OOM. (g) The estimated inlier potential surface. (h) Inlier optical flow field. (i) The recovered local

motion shown in 3D. (j) Outlier optical flow field. (k) Segmentation result.

We use this scene to evaluate the performance of

our method in dealing with camera rotation. The

segmentation results are shown in Fig. 8. From

Fig. 8(a), we can see that the feature based meth-

ods place several checkerboards in the scene to

obtain prominent feature points for motion seg-

mentation. Our method, in contrast, does not rely

on the strong features (corners and edges). From

the original motion field Fig. 8(b), it is impossible

to figure out what exact motions are involved in

the scene. The OOM, however, has showed the

foreground motions in Fig. 8(e) and the Quadtree

detects them well in Fig. 8(f). From the estimated

inlier potential surface Fig. 8(g) and its motion

field Fig. 8(h), we can clearly find the rotation

shape of the camera motion. This scene demon-

strates the good performance of our method in

dealing with camera rotation.

[3] 1T2TCRT-Parking sequence. This se-

quence is from the Complex Background dataset,

which is utlized to evaluate the performance of

our method in dealing with extremely challenging

scenes with complex background and complex

camera motions. Two kinds of motions are in-

cluded in this scence, which are translation and

rotation. Segmentation results shown in Fig.9

demonstrace that the OOM detects the moving

objects in (e) even when the object is occluded

and the background is complicated with complex

camera motions. In addition, the inlier estimated

in (h) is quite smooth and the two object motions

are recovered precisely in (j). Segmentation result

(k) demonstrates the effectiveness of our method

in dealing with extremely challenging scenes.

6.3 Comparison with State-of-the-arts

In this subsection, our method is compared

with several recent developed methods includ-

ing: (1) joint inlier estimation and segmenta-

tion (GME-SEG) in [19], (2-3) iterative estima-

tion based on least-square (LS) [16], and gra-

dient decent (GD) [15], (4) outlier rejection fil-

ter (Filter) in [17], (5) RANSAC [18], and (6)

the latest developed FOF [21], which is consid-

ered as the state-of-the-art in motion segmenta-

tion. In [21], two kinds of methods were de-

veloped: (1) FOF, which uses optical flow only,

and (2) FOF+color+prior, which combines opti-

cal flow, color appearance and a prior model to-

gether. The source code of the first five meth-

ods can be found in [19]. The performances of

FOF and FOF+color+prior presented in [21] are

reported directly here. For the second type, our
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Fig. 9. Scenario 3: Parking sequence. (a) Image sequence from frame 1 to frame 30. (b) Optical flow of one

frame. (c) Potential surface E. (d) Potential surface W . (e) The object-motion oriented map (OOM). (f) Quadtree

partition on OOM. (g) The estimated inlier potential surface. (h) Inlier optical flow field. (i) The recovered local

motion shown in 3D. (j) Outlier optical flow field. (k) Segmentation result.

Fig. 10. Segmentation results of six existing dense based methods and ours on challenging scenarios. (a) Input

sequences, from top to bottom: people2, cars2, forest, store, parachute, traffic. (b) Segmentation by GME-SEG

[19]. (c) LS [16]. (d) GD [15]. (e) Filter [17]. (f) RANSAC [18]. (g) FOF [21]. (h) FOF+color+prior [21]. (i) Our

segmentation. (j) Ground-truth segmentation.

method is compared with three well-known al-

gorithms including: GPCA with spectral cluster-

ing [9], Local Subspace Affinity (LSA) [35] and

RANSAC [18]. The source code of these methods

is provided in [31].

The F-measure is utlized to evaluate the per-
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formance of each algorithm, which is calculated

as following:

F =
2× Rc × Pr

Rc + Pr

.

F-measure considers both the precision Pr

and the recall Rc [36]. For dense-based meth-

ods, as segmentation is performed on each indi-

vidual pixel, all pixels are utlized for F-measure

calculation. While for feature based methods,

only selected key feature points are involved in

F-measure calculation. Table 1∼Table 3 report

the F-measure of dense based methods on three

benchmark datasets: Berkeley, Complex Back-

ground, and SegTrack, respectively.

From Table 1∼Table 3, it can be observed

that our method achieves the highest performance

for almost all videos, in which, 10% – 30% im-

provements on the sequences of cars 2, 3, 4, 7,

and People 1 in the Berkely dataset, around 10%

improvement on the sequences of drive, parking,

and store in the Complex Background dataset, and

more than 20% improvements on the sequences

of parachutte and monkeydog in the SegTrack

dataset. This result is quite appealing even when

videos contain extremely challenging scenes, such

as the ones with complex camera motions, com-

plex backgrounds, occlusions. Quantitative re-

sults can be verified by the good visual quality

of the segmentation results as shown in Fig. 10.

Compared with the ground truth segmentation in

Fig. 10(f), it can be found that our segmentation

agrees with the true object regions more than ex-

isting methods.

With the help of the OOM and the Quadtree

scheme, the accuracy of our algorithm is better

than most existing methods. As shown in Figs.7–

9, all the regions containing moving objects and

depth discontinuities have been highlighted on

OOM in (e) and labeled by Quadtree in (f). OOM

separates inlier and outliers into homogeneous

and heterogeneous motions, wich facilitates fur-

ther segmentation. Besides, the Quadtree scheme

based heterogeneous motion labeling method en-

sures the good performance of our method in esti-

mation smooth and accurate camera-induced im-

age motion.

From Table 1∼Table 3, we can also find that

our method obtains poor performance on the cars

1, 9, 10, and girl sequences. The main reason

is that the cars 1, 9 and 10 sequences contain

some weak and smooth object motions, making

inliers similar to outliers. For example, a big

truck appears in cars 10 sequence, but the back-

ground is almost static is some frames. The mo-

tion field is still very smooth when these mo-

tions are mixed with inlier. They just appear in

the curl-free and divergence-free components, but

disappear in the OOM, which makes our method

with poor performance. In addition, our method

is performed based on the optical flow field, in

which the performance is influenced by the accu-

racy of the optical flow estimation. Take girl se-

quence as an example, which captures a running

girl in the sports yard. Since the girl is moving

very fast, some frames taken by a moving cam-

era are extremely fuzzy. The calculated optical

flow fields become so noisy that no moving ob-

jects are identified. In this case, it is not enough

to use optical flow information alonge. That is

why FOF+color+prior, which utilizes additional

information including color appearance and some

prior models, performs better than ours. In ad-

dition, all methods perform poorly on these three

videos (cheetah, penguin, monkeydog) of the Seg-

Track dataset, which is because these videos actu-

ally contain multiple moving objects, but only one

primary object is labeled as the foreground in the

ground truth.

7 Conclusions

In this paper, a prior-free dependent motion

segmentation algorithm is proposed by introduc-

ing an HHD based OOM. For these three ba-

sic camera-induced image motions, HHD repre-

sents them in a uniform way without any prior-

knowledge on camera motion and scene struc-

ture. The modified HHD identifies the camera-

induced image motion (inlier) as one segment ir-
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Table 1. F-measure of existing dense based methods and ours on Berkeley Motion Segmentation database

Sequences GME-SEG LS GD Filter RANSAC FOF FOR+color Our

Cars1 78.33 86.18 18.01 82.87 60.42 47.81 50.84 76.38

Cars2 55.90 65.97 15.70 78.28 34.21 46.37 56.60 83.44

Cars3 65.21 79.43 22.29 74.56 35.80 67.18 73.57 87.60

Cars4 45.69 49.78 22.96 77.22 22.81 38.51 47.96 84.71

Cars5 54.67 61.93 33.08 81.17 25.24 64.85 70.94 85.10

Cars6 33.01 51.23 28.77 57.53 13.40 78.09 84.34 85.81

Cars7 37.89 36.36 36.92 60.47 13.79 37.63 42.92 86.50

Cars8 62.20 81.24 8.57 78.44 37.02 87.13 87.61 90.80

Cars9 72.99 80.99 17.97 68.19 54.69 68.99 66.38 77.52

Cars10 60.01 66.04 14.34 90.95 81.78 53.98 50.84 54.93

People1 34.11 38.32 40.76 71.84 12.06 56.76 69.53 80.14

People2 78.16 84.45 69.30 81.70 37.53 85.35 88.40 89.91

Table 2. F-measure of existing dense based methods and ours on Complex Background database.

Sequences GME-SEG LS GD Filter RANSAC FOF FOR+color Our

drive 8.14 6.30 41.18 32.40 5.76 30.13 61.80 83.33

forest 15.42 11.01 15.41 19.87 10.67 19.48 31.44 35.81

parking 33.20 21.57 43.84 62.29 17.47 43.47 73.19 83.57

store 14.39 10.94 32.10 29.32 9.68 28.46 70.74 80.50

traffic 14.77 15.80 34.55 15.04 15.49 66.08 71.24 71.77

Table 3. F-measure of existing dense based methods and ours on SegTrack database.

Sequences GME-SEG LS GD Filter RANSAC FOF FOR+color Our

birdfall2 9.39 3.84 0.99 64.00 3.25 68.68 75.69 76.23

girl 22.51 20.26 15.36 18.21 12.33 75.73 81.95 78.53

parachute 23.01 18.97 12.88 16.30 44.03 51.49 54.36 86.72

cheetah 21.33 14.93 43.59 12.05 9.85 12.68 22.31 55.77

penguin 10.34 18.84 15.34 5.53 18.66 14.74 20.71 21.90

monkeydog 22.29 20.74 16.46 18.93 12.31 10.79 18.62 45.84
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respective of depth variations, which ensures the

effectiveness of our method in dealing with real-

world scenes. The heterogeneous motion caused

by moving objects and depth discontinuities can-

not be represented by HHD, which will utlized for

futher OOM construction. In the next, a data-

driven Quadtree scheme is adopted to label the

heterogeneous motion on OOM. After that, sur-

face fitting based on a low-order polynomial func-

tion is employed for inlier estimation, which com-

pensates depth discontinuities and separates them

from true moving objects. Compared with exist-

ing work, our algorithm is prior-free and suitable

for any kinds of camera motion under both 2D and

3D scenes, which be regarded as a general frame-

work for dependent motion segmentation. Exten-

sive experimental results demonstrated the effec-

tiveness of our proposed method on robust seg-

mentation compared with the state-of-the-arts.
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